Introduction
Let k be an algebraic number field and Cl 2 (k) be its 2-class group i.e. the Sylow 2-subgroup of the ideal class group, Cl(k), of k. Denote by k (1) 2 the Hilbert 2-class field of k and by k (2) 2 its second Hilbert 2-class field. Put G = Gal(k (2) 2 /k) and let G ′ denote its derived group, then it is well known that C/G ′ ≃ Cl 2 (k). The knowledge of G, its structure and its generators solves a lot of problems in number theory as capitulation problems, the finiteness or not of the towers of number fields and the structures of the 2-class groups of the unramified extensions of k within k (1) 2 . For particular types of fields k, for example, fields with Cl 2 (k) ≃ (2, 2), the structure of G has been completely determined (see [13] ). The success in this case is in part due to the fact that, contrary to most other cases, 2-groups whose abelianization is (2, 2) are well understood, cf. [15] and [14] .
If one considers another case, namely where k = Q( √ d, i) and Cl 2 (k) ≃ (2, 2, 2), for some square-free integer d, then the situation is very different and very difficult when compared with the case described above; moreover there is no known way (to our knowledge) to determine the structure of G. Our aim in the present paper is to determine the isomorphism types of the second 2-class group of certain number fields k = Q( √ d, i), to give the structure and generators of G and we will explicitly determine ker j K/k , the kernel of the natural class extension homomorphism j K/k :
Cl(k) −→ Cl(K), where K is an unramified extension of k within k
2 . It should be noted that the determination of ker j K/k is not always easy to do, especially when
, with some positive integers a, b, a ′ and b ′ .
Let m be a square-free integer and K be a number field. Throughout this paper, we adopt the following notations:
• h(m), (resp. h(K)): the 2-class number of Q( √ m) (resp. K).
• O K : the ring of integers of K.
• E K : the unit group of O K .
• W K : the group of roots of unity contained in K.
• ω K : the order of W K .
• K + : the maximal real subfield of K, if it is a CM-field.
•
Hasse's unit index, if K is a CM-field.
• q(K/Q) = [E K :
is the unit index of K, if K is multiquadratic, where k i are the quadratic subfields of K.
• K ( * ) : the genus field of K.
• Cl 2 (K): the 2-class group of K.
• ε m : the fundamental unit of Q( √ m).
• i = √ −1.
• FSU: denotes a fundamental system of units.
Main results
Let p 1 ≡ p 2 ≡ 5 (mod 8) be different primes, then there exist some positive integers e, f , g and h such that p 1 = e 2 + 4f 2 and p 2 = g 2 + 4h 2 . Let p 1 = π 1 π 2 and p 2 = π 3 π 4 , where π 1 = e+4if and π 2 = e−4if (resp. π 3 = g+4ih and π 4 = g−4ih)
are conjugate prime elements in the cyclotomic field k = Q(i) dividing p 1 (resp. p 2 ).
Denote by k the imaginary bicyclic biquadratic field Q( 
2 be the Hilbert 2-class field of k, k
2 its second Hilbert 2-class field and G be the Galois group of k (2) 2 /k. According to [5] , k has an elementary abelian 2-class group Cl 2 (k) of rank 3, that is, of type (2, 2, 2). In an earlier paper [4] we have proved that the 2-class field tower of k has length 2, the order of G is greater than or equal to 64, we have given necessary and sufficient conditions to have G of order 64 and we have shown that if K is an unramified quadratic extension of k other than K 3 = k( √ 2), then Cl 2 (K) is of type (2, 4) or (2, 2, 2) . In this paper we complete this study by determining the structure of G, the abelian type invariants of the 2-class groups of all the unramified extensions of k within k
2 and the kernel of the natural class extension homomorphism j K/k : Cl 2 (k) −→ Cl 2 (K), where K is an unramified extension of k within k (1) 2 . The main results of this paper are Theorems 2 and 3 below; whereas Theorem 1 is proved in [2] , [5] and [17] .
2.1. Unramified extensions of k. The first and the second assertions of the following theorem hold according to [17] and [5] respectively, the others are shown in [2] . Theorem 1. Let p 1 , p 2 be as above.
(1) The 2-class groups of k 0 , k 0 are of type (2, 2).
(2) The 2-class group, Cl 2 (k), of k is of type (2, 2, 2).
4) k has seven unramified quadratic extensions within its Hilbert 2-class field
2 . They are given by:
are intermediate fields between k and its genus field k ( * ) . The fields K 4 ≃ K 7 and K 5 ≃ K 6 are pairwise conjugate and thus isomorphic.
non-normal over Q.
(6) k has seven unramified bicyclic biquadratic extensions within its Hilbert 2-
One of them is
the absolute genus field of k and the others are given by:
2 /k). Let H 0 (resp. H 1 , H 2 ) denote the prime ideal of k lying above 1 + i (resp. π 1 , π 2 ). Write q = q(K + 3 /Q) for simplicity. Theorem 2. Keep the preceding assumptions. Then
, where n and m are determined by 2 m+1 = h(−p 1 p 2 ), m ≥ 2, and 2 n = h(p 1 p 2 ), n ≥ 1; and either n ≥ 3 or m ≥ 3.
(3) The length of the 2-class field tower of k is 2.
2 ) is of type
The coclass of G is 3 and its nilpotency class is max(n, m − 1) + 1 if q = 1,
2.3. Abelian type invariants and capitulation kernels. Let N j denote the
of Cl 2 (k) and κ K denote the kernel of the natural class
, where n ≥ 1 and m ≥ 2.
(1) #κ
for details see [16] .
The order of κ L j is 8 (total 2-capitulation), for all j, and L j are of type (A).
(4) The abelian type invariants of the 2-class groups Cl 2 (K j ) are given by:
If (
The abelian type invariants of the 2-class groups Cl 2 (L j ) are given by:
and Cl 2 (L 5 ) are of type (2, 4) .
are of type (2, 2, 2).
denote the quadratic Hilbert symbol for the prime p.
Proof. (i) See [5] .
(ii) As N (ε p 1 p 2 ) = 1, so
(a) If a ± 1 is a square in N, then
= −1, which is absurd. And the result derived.
Lemma 2. If
Proof. From [17] we get
ac+bd , where p 1 = a 2 + b 2 and p 2 = c 2 + d 2 ; on the other hand, according to [11] we have
, which implies the result. we would have 
If N (ε p 1 p 2 ) = −1, then the results are guaranteed by [1, Propositions 8, 15] . In the end, under our conditions, P.Kaplan states in [17] that h(2p 1 p 2 ) = h(−2p 1 p 2 ) = 4, therefore the class number formula yields that h(K
, then the results are also deduced from [1, Propositions 8, 15] and the class number formula implies (3)(iii).
Proof. From Lemma 3 we get E k = i, ε 2p 1 p 2 and
Moreover, it is easy to see that (
, so there exists
Suppose q = 1, then we have two cases to discuss:
where b = 2b 1 b 2 , from which we deduce that 2p 1 ε p 1 p 2 is a square in K 3 , thus there exists α ∈ K 3 such that (2p 1 ) = (α 2 ). On the other hand, (H 1 H 2 ) 2 = (p 1 ) and
, then there exist an even integer a and an odd integer b such
Therefore:
where z 2 is the conjugate of z 1 in
where
. Finally, Note that:
So by multiplying the equalities (1), (2) and (3) we get
where α, β, γ and δ are in Q.
Then the following assertions are equivalent:
The following results are deduced from [9] .
the prime ideal of k 1 above 2, and an ideal I of k 1 of order 2 m . Moreover
is of type (2 n ), n ≥ 1, and it is generated by 2 1 , a prime ideal of k 1 above 2.
is of 2-rank equal to 2. It is generated by I and 2 F 1 , where 2 F 1 is a prime ideal of F 1 above 2.
(4) If
and
Using the above theorem, we prove the following lemma.
(ii) If
where p 2 is the prime ideal of k 1 above p 2 , then (π i ) = P 2 i , for all i. So, according to [3, Proposition 1], P i are not principals in F 1 and they are of order two. On the other hand, as the 2-rank of
(i) In this case, we have p 1 ∼ 1, hence P 1 ∼ P 2 ; note that the elements of order two in Cl 2 (F 1 ) are 2 2 n−1 
is false. Thus P 1 ∼ 2 2 n−1
Hence with out loss of generality we can choose P 1 ∼ 2 2 n−1
(ii) In this case, we have p 1 ∼ p 2 ∼ 1, hence P 1 ∼ P 2 and P 3 ∼ P 4 . On the other hand, according to [3, Proposition 1], P 1 P 3 is not principal in F 1 . To this end, note that the elements of order two in Cl 2 (F 1 ) are 2 2 n F 1
Therefore P 1 is equivalent to one of these three elements. As P 1 ∼ 2 2 n F 1 can not occur, as otherwise, by applying the norm N F 1 /k 1 , we get p 1 ∼ 2 2 n ∼ 1, which is false. Thus P 1 ∼ I 2 m−2 and P 3 ∼ 2 2 n F 1
We conclude this section with the following lemma which gives the relationship between the unit index q and the integers n and m. It is a consequence of Lemma 3, Proposition 2 and the results in [6] , [17] .
(ii) If 
Proofs of the main results
Recall first the following result from [12, p. 205 ].
Lemma 7. If H is an unramified ideal in some extension
the quadratic residue symbol is given by the Artin symbol ϕ =
of Theorem 2 is proved in [5] and [3] . In the following pages we will prove the other assertions.
(2) To prove the second assertion we will use the techniques that F. Lemmermeyer has used in some of his works see for example [9] or [10] . Consider the following diagram
As H 1 and H 2 are unramified in
On the other hand, 2 ramifies completely in k/Q and splits in
To this end, it is easy to see that K 3 /F 1 and K 3 /F 2 are ramified extensions, whereas K 3 /k is not; so from the class field theory [Cl 2 (k) :
Then there exists an ideal P ∈ K 3 such that
Let t and s be the elements of order 2 of Gal(K 3 /Q(i)) which fix F 1 and k, respectively. Using the identity 2 + (1 + t + s + ts) = (1 + t) + (1 + s) + (1 + ts) of the group ring Z[Gal(K 3 /Q(i))] and observing that the class numbers of Q(i), F 2 are odd, we find that Lemma 4) , so the result claimed. Moreover
On the other hand, 2 F 1 ramifies and H 0 splits in K 3 , let A be an ideal of K 3 above
Recall that H j and P j coincide and remain inert in
• If
then Lemmas 3, 4 and Theorem 4 imply that
= 1 and N (ε p 1 p 2 ) = 1, then q = 1, and Lemma 5 yields that
Let us prove that
where α ∈ k. As N (ε 2p 1 p 2 ) = −1, so Lemma 3 involves that Q k = 1, the unit index of k; hence ε is either real or purely imaginary.
, and suppose ε is real (same proof if it is purely imaginary); as π 1 π 3 = (e + 2if )(g + 2ih) = (eg − 4f h) + 2i(eh + gf ), so the equation (4) is equivalent to
takes the value (a), we get
and it is easy to see that
Proceeding similarly, we prove that
Consequently, in Cl 2 (K 3 ), we have
To this end, note that for all i ≤ n, j ≤ m − 1, we have A 2 i P 2 j ∼ 1, as otherwise, we would have, by applying the norm 
As H 1 , P 1 remain inert in K 3 , so they do not capitulate and coincide in K 3 , hence they are of order 2. Thus from Theorem 4 and Lemma 5 we deduce that:
Finally, from Lemma 6, we deduce the following remark (ii) If
This completes the proof of the second assertion.
(3) For the proof of the third assertion see [4] .
2 , the Hilbert 2-class field of k. Let L/K 3 P denote the Artin symbol for the normal extension L/K 3 ; hence it is clear that σ = L/K 3 P and
, then ρ restricts to the nontrivial automorphism of K 3 /k, since H 1 is not norm from K 3 /k; from which we deduce that
2 n+m+3 if q = 2. To continue, let us prove the following result.
Proof. We choose a prime ideal R in K 3 such that [R] = [P], this is always possible by Chebotarev's theorem, hence
As the extension F 1 /k 1 is ramified and Cl 2 (k 1 ) is generated by 2 1 , we infer that the prime
1 with some integer i. This implies that 2 2 i r = ±(x 2 − p 1 p 2 y 2 ), which in turn shows that (
Therefore the equivalence r ∼ 2 yields that 2r = ±(x 2 − 2p 1 p 2 y 2 ), where x, y are in Z; which shows that ( Therefore the following relations hold:
, we have
, since in this case m = 2.
• Suppose q = 1, so -If
-If
= 1 and N (ε p 1 p 2 ) = 1, then ρ 4 = σ 2 m = τ 2 n+1 = 1 and ρ 2 = σ 2 m−1 since
• Suppose q = 2, so necessarily
Cl 2 (k 
Then Proposition 3(6) (see below) yields that γ j+1 (G) = [γ j (G), G] = σ 2 j , τ 2 j . Suppose q = 1, then if we put υ = max(n, m − 1), we get γ υ+2 (G) = σ 2 υ+1 , τ 2 υ+1 = 1 and γ υ+1 (G) = σ 2 υ , τ 2 υ = 1 . As, in this case, | G |= 2 n+m+2 , so c(G) = υ + 1 and cc(G) = n + m + 1 − υ = 3, in fact, from Lemma 6, we have m ≥ 3 and n = 1 or m = 2 and n ≥ 2, so the first case implies that υ = m − 1 and cc(G) = n + m + 1 − υ = 3, whereas the second one yields that υ = n and cc(G) = n + m + 1 − υ = 3. Suppose q = 2, then if we put υ = max(n + 1, m), we get γ υ+2 (G) = σ 2 υ+1 , τ 2 υ+1 = 1 and γ υ+1 (G) = σ 2 υ , τ 2 υ = 1 . As, in this case, | G |= 2 n+m+3 , so c(G) = υ + 1 and cc(G) = n + m + 2 − υ = 3, since in this case, from Lemma 6, m = 2 and n ≥ 1, thus υ = n + 1.
Proof of Theorem 3.
For this we need the following results which are easy to check. Proposition 3. Let G = σ, τ, ρ denote the group defined above, then
The proof of Theorem 3 consists of 3 parts. In the first part, we will compute
In the second one, we will determine the capitulation kernels κ K j and the types of Cl 2 (K 4 ) and in the third one, we will determine the capitulation kernels κ L j and the types of Cl 2 (L 4 ). It should be noted that if ( = −1, while the right ones refer to the case To check the table entries we use Lemmas 2, 7, Propositions 1, 2 and the following results which are easy to prove.
Compute N j in a few cases. Keeping in mind that H 0 , H 1 and H 2 are unramified in K j /k.
, so for j ∈ {1, 2} we get
• If 
Take an other example,
. As 1 + i is unramified in both of Q( √ π 1 π 3 )/Q(i) and k/Q(i), so according to [11, Proposition 4.2, p.112] and Hilbert symbol properties we get
On the other hand, the product formula implies, for j ∈ {1, 2}, that
as P does not divide π j and 1 + i, so 1+i, π j P = 1, which yields that
This implies the result.
Compute now N 4 .
We have
Assume that
• If q = 2, then
Proceeding similarly, we check the other table inputs.
4.2.2.
Capitulation kernels κ K j and Gal(k = −1, while the right ones refer to the case
, a = min(m, n + 1) and b = max(m + 1, n + 2). 
Before proving these results, note that, from Tables 1, 2 and 3 we get the following remark:
) and π = (
).
(1)
• Else
(4) Assume that (
To check the tables inputs, we use the following relations:
Recall that the Artin map φ induces the following commutative diagram:
the rows are isomorphisms and V G/G j : G/G ′ −→ G j /G ′ j is the group transfer map (Verlagerung) which has the following simple characterization when G j is of index
(a) Consider the extension K 1 ; we know that G = σ, τ, ρ and, according to the table 1,
Compute the kernel of
(b) For K 2 , we proceed similarly, we get
this implies that
(c) Take K 4 = k( √ π 1 π 3 ) and assume
We have to consider the following two cases:
1 and, from Lemma 2,
= −1; this in turn has two sub-cases: Table 1 implies that 
as ρ 2 = σ 2 or ρ 2 = σ 2 τ 2 n , so
We know that [ρ, τ ] = τ 2 , thus G ′ 4 = τ 2 , this in turn yields that
and thus
= −1, then we get (2, 4) . On the other hand, G/G 4 = τ , hence:
since in the second case (q = 2) we have τ 2 n+2 = 1, thus
from which we deduce that
= −1, and of type (2, 4) otherwise. Moreover
Assume now that
We have also two cases to distinguish:
1 st case: Suppose q = 1, so Lemma 6 yields that n = 1, m ≥ 3. Then we need to consider two sub-cases:
= −1, similarly we get
This implies that 
Proceeding similarly we show the other tables inputs.
In what follows, we compute the Galois groups
2 /L j ), their derived groups G ′ j and the abelian type invariants of Cl 2 (L j ). The results are summarized in the following tables; note that the left hand side of columns (if it exists) refers to the case ( 
(2, 4)
For the following table, the left hand side of columns (if it exists) refers to the case ( π 1 π 3 ) = −1, the right hand side refers to the case ( 
Check the entries in some cases. * Take = −1, then q = 1 and
On the other hand, as in this case (στ ρ)
as, in this case, (τ ρ) 2 = ρ 2 and (στ ρ) 2 = ρ 2 = σ 2 if q = 1,
since if q = 2, we have σ 4 = τ 2 n+1 and ρ 2 = σ 2 τ 2 n ,
Assume now that ( Thus G ′ 2 = σ 4 , hence Cl 2 (L 2 ) ≃ (2, 4). * Finally, we take L 6 = K 3 .K 4 .K 7 and we assume that ( Table 6 gives the structure of the class group Cl(k) of the bicyclic biquadratic field k = Q( √ 2p 1 p 2 , i), its discriminant disc(k), the structures of the class groups of its two quadratic subfields k 0 , k 0 and the coclass of G = Gal(k
Numerical examples
2 /k). Tables  7 and 8 give the structures of the class groups Cl(K j ). Tables 9 and 10 give the structures of the class groups Cl(L j ). Finally, Tables 11 and 12 give the structures of the class groups of Cl(K j ) and Cl(L j ) for the case ( . Computation are made using PARI/GP [18] . 
